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Abstract 

We establish braided tensor equivalences among module categories over the 
twisted quantum double of a finite group defined by an extension of a group G 
by an abelian group, with 3-cocycle inflated from a 3-cocycle on G. We also 
prove that the canonical ribbon structure of the module category of any twisted 
quantum double of a finite group is preserved by braided tensor equivalences. 
We give two main applications: first, if G is an extra-special 2-group of width 
at least 2, we show that the quantum double of G twisted by a 3-cocycle oo is 
gauge equivalent to a twisted quantum double of an elementary abelian 2-group 
if, and only if, o;^ is trivial; second, we discuss the gauge equivalence classes of 
twisted quantum doubles of groups of order 8, and classify the braided tensor 
equivalence classes of these quasi-triangular quasi-bialgebras. It turns out that 
there are exactly 20 such equivalence classes. 



1 Introduction 

Given a finite group G and a (normalized) 3-cocycIe u G C*), there is as- 

sociated the twisted quantum double D^{G). This is a certain braided quasi- Hopf 
algebra introduced by Dijkgraaf-Pasquier- Roche in the context of orbifold conformal 
field theory [DPR]. For a holomorphic vertex operator algebra (VOA) V admitting 
a faithful action of G as automorphisms, one expects that the orbifold VOA V'~^ has 
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a module category V^'-^-Mod which (among other things) carries the structure of a 
braided tensor category, and that there is an equivalence of braided tensor categories 
V'^-Mod = D'^(G)-Mod for some choice of u. The conjectured equivalence of cat- 
egories is deep, and motivates the results of the present paper. These, however, are 
concerned purely with twisted quantum doubles and their module categories. No fa- 
miliarity with VOA theory is required to understand our main results, and we use the 
language of VOAs purely for motivation. For further background on the connection 
between VOAs and quasi- Hopf algebras, see [DPR], [Ml], [MNl] and [DM]. 

There is an interesting phenomenon, akin to mirror symmetry, that arises as fol- 
lows: we are given two pairs (V, G), {W, H), where V, W are holomorphic VOAs with 
finite, faithful automorphism groups G, H respectively, together with an isomorphism 
of VOAs, = . If the conjectured equivalence of orbifold categories is true, there 
must also be a tensor equivalence 

D'^(G)-Mod = D\H)-Mod (1) 

for some choice of 3-cocycles cu, 77 on G and H respectively. Conversely, deciding when 
equivalences such as can hold gives information about the VOAs and the cocycles 
that they determine. This is an interesting problem in its own right, and is the one 
we consider here. 

The case in which the two twisted doubles in question are commutative was treated 
at length in [MNl]. Here we are concerned with a particular case of the more difficult 
situation in which the twisted doubles are not commutative. It arises in orbifold 
theory when one applies the Z2-orbifold construction to a holomorphic lattice theory 
Vl {L is a self-dual even lattice) [FLM], [DGM]. One takes G to be the elementary 
abelian 2-group L/2L © Z2, and it turns out that H is an extra-special 2-group. We 
study this situation in the present paper. Changing notation, one of our main results 
f Theorems 14.61 and 14. 7|) is as follows: 

Let Q be an extra-special group of order 2^'+^ not isomorphic to the 
dihedral group of order 8, and let 77 be any 3-cocycle such that [rj] G 
H^iQ, C*) has order at most 2. Then there are /i G Z^{E, C*), E = Z2^\ (2) 
and a braided tensor equivalence D^{E)-Nlod = D^(Q)-Mod. Such a 
tensor equivalence does not exist if [77] has order greater than 2. 

As is well-known (cf. |EGj . |NS2j ). such an equivalence of braided tensor categories 
corresponds to a gauge equivalence of the twisted doubles as quasi-triangular quasi- 
bialgebras. The proof of (j21) relies on Theorem 12 . II together with the gauge-invariance 
of Frobenius- Schur exponents (cf. |NS3p of semisimple quasi- Hopf algebras. In The- 
orem 12.11 we establish the existence of gauge equivalences of quasi-triangular quasi- 
bialgebras among twisted quantum doubles D'^iG) where G is a group defined as an 
extension of G by an abelian group and the 3-cocycle uj G Z^{G^ C*) is infiated from 
a 3-cocycle on G. Several results of Schauenburg (|Slj. |S2j ) play a significant role in 
the proof. 
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As long as / > 2, the group of elements of H^{Q,C*) of order at most 2 has 
index 2 in the full degree 3 cohomology ([HK]). The proof of the last assertion of 
(j2)) involves some computations involving the cohomology of Q. We use these to 
calculate (Theorem I4.7j) the Frobenius-Schur exponents of D^[G) where G is either 
extra-special group or elementary abelian, and uj is any 3-cocycle. Frobenius-Schur 
indicators, their higher analogs, and Frobenius-Schur exponents have been investi- 
gated in |MN2j . |NSlj . |NS2j . |NS3j in the general context of semisimple quasi-Hopf 
algebras and pivotal fusion categories. They provide valuable gauge invariants which 
are reasonably accessible in the case of twisted quantum doubles. 

The case / = 1 is exceptional in several ways, and we consider the problem of 
enumerating the gauge equivalence classes defined by quasi-Hopf algebras obtained 
by twisting the quantum doubles of Zg, Qs and D^. There are 88 such quasi-Hopf 
algebras which are noncommutative, corresponding to the 64 nonabelian cohomology 
classes for Zg, together with 8 classes for Qg and 16 for D^. Some of the subtlety of 
this problem, which remains open, can be illustrated by observing that all 88 twisted 
doubles have the same fusion algebra, moreover some of them are isomorphic as 
bialgebras yet are not gauge equivalent. We will see that there are at least 8, and no 
more than 20, gauge equivalence classes. This makes use of (j2)) to identify equivalence 
classes of quasi-bialgebras, together with Frobenius-Schur indicators and their higher 
analogs (loc. cit) to distinguish between equivalence classes. Now there is a canonical 
braiding of these quasi-Hopf algebras, and using the invariance of the canonical ribbon 
structure under braided tensor equivalences, which we establish separately, we show 
that the 20 gauge equivalence classes constitute a complete list of gauge equivalence 
classes of the quasi-triangular quasi-bialgebras under consideration. 

The paper is organized as follows: following some background, in Section|2lwe give 
the proof of Theorem 12.11 There are connections here to some results of Natale jNlj . 
In Section 01 we discuss a variant of Theorem 12.11 involving bialgebra isomorphisms. 
In Section |3] we give the proofs of Theorems 14.61 and 14.71 The question of the gauge 
equivalence classes for twisted doubles of groups of order 8 is presented in Sectional In 
Section 10 we show that the twist associated with a pivotal braided tensor category is 
preserved by tensor equivalences which preserve both pivotal structure and braiding. 
In particular, the canonical ribbon structure of the module category of a semisimple 
quasi-triangular quasi-Hopf algebra is preserved by braided tensor equivalences. In an 
Appendix we give a complete set of Frobenius-Schur indicators, their higher analogs, 
and the scalars of the ribbon structures for the particular quasi-Hopf algebras arising 
from twisted doubles of groups of order 8. This data is interesting in its own right, 
and may be useful in the future. 

We take this opportunity to thank the referee for several useful comments on a 



prior version ( |math.QA/0603191D of the current paper. In particular, the referee 
pointed out the possibility of utilizing results of Schauenburg to significantly improve 
on our earlier version of Theorem 2.1. 

We use the following conventions: all linear spaces are defined over the complex 
numbers C and have finite dimension; all groups are finite; all cocycles for a group G 
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are defined with respect to a trivial G-moduIe and are normalized; a tensor category is 
a C-linear monoidal category; a tensor functor is a C-Iinear monoidal functor; braided 
quasi-Hopf algebra means quasi-triangular quasi-Hopf algebra. We generally do not 
differentiate between a cocycle and the cohomology class it defines, and often use the 
isomorphism H^^^{G,'L) = H"'{G,C*) without explicit reference to it. Unexplained 
notation is as in [K]. 



2 A Family of Gauge Equivalences 

We first review some facts about twisted quantum doubles ([DPR], [K]). Fix a group 
G and 3-cocycle u G Z^{G,C*). D'^{G) is a crossed product with underlying linear 
space CG* ® CG, where the dual group algebra CG* has basis e{g) dual to the group 
elements g E G. Multiplication, comultiplication, associator, counit, antipode, R- 
matrix, a and (3 are given by the following formulas: 

e{g) ® x.e{h) ®y = Ogix, y)6f^''e{g) » xy, 
A{e{g) <^ x) = ^ Ixih, k)e{h) ® x® e{k) ® x, 

h,k 
hk=g 

$ = ^ uj{g, h, k)~^e{g) ® 1 ® e{h) ® 1 ® e{k) ® 1, 

g,h,k 

e{e{g)®x) = 

S{e{g)®x) = eg-i{x,x^^y^'y^{g,g~^y^e{x^^g^'^x) (g) 
R = '^ e{g) ® 1 ® e{h) (g) g, 

a = l, (3 = '^u{g,g~\g)e{g) ® 1. 

9 

Here, Og,^g are 2-cochains on G derived from u via 

n f N _ '^(9, X, y)uj{x, y, {xyY^gxy) 

uj{x,x ^gx,y) 

I ^ ^{x,y,g)uj{g,g~^xg,g-^yg) 

lgKx,y) = -, — ^ . 4 

i^{x,g,g-^yg) 

For any quasi-Hopf algebra H = {H, A, e, $, a, (3, S) and any unit u E H, we can 
twist H hj u to obtain a second quasi-Hopf algebra Hu = {H, A, e, $, ua, Pu~^, S'„), 
where Su{h) = uS{h)u~^ for h E H. See [D] for details. We obtain another quasi- 
Hopf algebra Hp = {H, Ap,e,^F,aF, Pf, S) via a gauge transformation determined 
by suitable unit F e H ® H {[K]). 



The notion dual to quasi-bialgebra is coquasi-bialgebra (cf. |Maj ) . A coquasi- 
bialgebra H = [H, (p) is a bialgebra H (although the multiplication is not necessarily 
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associative), together with a convolution-invertible map : if®^ C, called coasso- 
ciator, which satisfies the dual conditions of associators. The category ^Ai of left co- 
modules of a coquasi-bialgebra if is a tensor category with associativity isomorphism 
determined by the coassociator (p. Suppose that K is a Hopf algebra, t : K ^ H a. 
bialgebra map such that o (i ® idn ® id//) = Ek ® £ <S) e {e is the counit of H), and 
that there exists a convolution invertible left iT-module map n : H ^ K satisfying 
7r(l) = 1, en = e and 

(j){g ® a; ® h{i))'K{h[2)) = (t){g ® x® 7r(/i)(i))7r(/;,)(2), for g,h E H, x e K. 

Then by jES Corollary 3.4.4], ^Mk is a tensor category and there exists a coquasi- 
bialgebra B such that is equivalent as tensor category to ^A4k- The structure 
maps of B are given in jS2| 3.4.2 and 3.4.5]. This result of Schauenburg plays an 
important role in the proof of Theorem 12.11 

For a group G, and 3-cocycle u G Z^{G, C*), the bialgebra CG together with the 
coassociator 

(p=J2 ^"^(^' ^' ^)^(^) ® ^(^) ® ^(^) ^ (^CG®^)* (5) 

is a coquasi-bialgebra. We simply write Cij* for this coquasi-bialgebra. Note that 
'^'^^Ai is tensor equivalent to the category of modules over the quasi-bialgebra CG* 
equipped with the associator 0, and every C^G-comodule is a G-graded vector space. 
The associativity isomorphism ^ : [U ® V) ^ W ^ U (E) {V ^ W) is given by 

$(u CB)V C^w) = Lu'^{g, g', g")u 

for homogeneous elements uEU,vEV,wEWof degree g, g', g" respectively. More- 
over, the center of '^'^'^Ai is equivalent to D'^ {G)-M.od as braided tensor categories. 

Let G be a group, A a right G-module with G-action <, and E the semidirect 
product A xi G with underlying set G x A and multiplication 

{x,a){y,b) = {xy, ia<y)b) 

for x,y E G,a,b E A. Then E fits into a split exact sequence of groups: 

1 — ^A — ^E — >G — ^1. (6) 

The character group A = Hom(yl, C*) of A admits a left G-module structure > 
given by 

{h>x){a) = x{a<h) . 
Let G be an extension of G by A associated with the exact sequence of groups: 

1 — >A — >G — >G — ^ 1 . (7) 
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Display ((Tj) determines a 2-cocycle e G Z'^{G,A), i.e. a function e : G x G A 
satisfying: 

e(x,lG)=e(%l/) = li, (8) 

{x > e(?/, 2;))e(a:, yz) = e{xy, z)e{x, y) (9) 

for all x,y,z G G*. Then G is isomorphic to a group A G which has A x G a.s 
underlying set and multiplication 

(yu, x){u, y) = > i^)e(a;, y), xy) 
for x,y & G, fi,iy & A. Moreover, the exact sequence of groups 

1 — > Ax,G ^G — ^1 (10) 

is equivalent to ((7j), where i : A ^ A x^G and p : A x^G ^ G are given by 

= (/i, 1), and x) = x 

for /i G A, a; G G. 

We are going to compare twisted quantum doubles of G = Ax^G and E = AxG. 
Suppose that ( G Z^{G, C*). We may inflate ( along the projections E ^ G,G ^ G 
in (jH)) and ^TU^ to obtain 3-cocycles 

Ce = lnfl§CeZ'{E,C*), 
Cg = InflgCGZ3(G,C*). 

One can also check directly that the 3-cochain uj on E defined by 

uj{{hi, ai), (/i2, 02), {hs, as)) = e(/i2, /i3)(ai), /li G G, G A, (11) 

actually lies in Z^{E,C*). Moreover, for any a G Ant-Q^A), 

au;{{hi, ai), (/i2, 02), (/is, as)) = ^(^^2, /is)(o-(ai)) 

also defines a normalized 3-cocycle on E, and we let = {au \ a G Ant-Q{A)}. 

We can now state our first main result. Notation and assumptions are as above. 

Theorem 2.1. Let ( G Z^{G,C*) and aJ G ^2. Then the braided tensor categories 
D'^'^'{G)-Mod and D^"^^ (E)-Mod are equivalent. 

Proof. Bearing in mind the definition G = A x^ G, it follows from the definition of 
inflated cocycle that 

Cg((/^, x), (/i', x'), (/i", x")) = C{x, x', x") 
for (/i, x), {fi', x'), {fi", x") G G. 
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Consider the coquasi-bialgebra H = C^^G with coassociator as in (0), and the 
Hopf algebra K = CA. Let a G Aut^(A). We define C-hnear maps l^j : K H hj 
i^aifJ') = (/^ o 1) for fi E A, and Ha : H ^ K hj vro-(/i, x) = /i o a for (yU, x) G G. It 
is easy to see that l^t is a bialgebra map which satisfies 

o (i^ ® id// ® id//) = e/^ ® £ (g) e . 

Furthermore, tTo- is a i^'-module coalgebra map and is convolution invertible with 
inverse fr^ : H ^ K given by 7t„{fi, x) = ji^^ o a. Clearly, 7ro-(l//) = Ik and Ek^t^u = 
Eh- By the definitions of cf) and Cg, for g,h E G and /i G A, we have 

(/.(^ (g) (^, 1) ® /i)7r,(/i) = n^ih) = <j){g ® (/i, 1) ® Tr^{h))Tr^{h) . 

It follows from |S2t Corollary 3.4.4] that there exists a coquasi-bialgebra B such that 

^Mk = 

as tensor categories. By jSI], we also have the equivalence 

of braided tensor categories, where Z{C) denotes the center of the monoidal category 
C. Since D'^^ {G)-lSAod and Z{^M.) are equivalent braided tensor categories (cf. 
|Malj ). we have 

D'^^{G)-Mod = Z{^M) 

as braided tensor categories. 

We proceed to show that B = C^'E using jS2[ 3.4.2 and 3.4.5], where tu' = aruj-^E 
and T : A ^ A, T : a ^ a^^. We will use the notation defined in |S2j for the remaining 
discussion. By [52l Lemma 3.4.2], B = CG ® K* as vector space, and we write x x a 
for x®a whenever x E G and a E A. Here, we have used the canonical identification of 
the Hopf algebra K* with CA. Note that CG = H/K+H as coalgebras. Since l^{A) 
is a normal subgroup of G, K^H = HK^. Thus, the right i^-action on H/K^H is 
trivial, and so the associated left i^*-comodule structure on CG is also trivial. Hence, 
p(g) = lyi ® g for g G CG. For any x E G, ji^v E A, 

= 1. 

So the a : CG — > K* ® K* defined in |S21 Lemma 3.4.2] for our context is given by 
a : X ^ Thus, the comultiplication A and counit e oi B are given by 

A.{x xa)=a;xa®a;xa and £{x x a) = 1 

for X E G and a E A. With the cleaving map tTo-, the associated map ja '■ CG H 
is given by jo- (a;) = (1, x) for x G G, and so 

X ^ jj, = 7ro-(jo-(x)(/i o (J, 1)) = (x > (/i o a)) o = x > /i 
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for fi & A. Thus for a G A, x G G and /i G A, we have 

fi{a^x) = {x ^ = (x > = yu(a < x) 

and hence 



a-^x = a<x . 

Recall that 

e(a] 



form a dual basis of A. It follows from |S2[ Theorem 3.4.5] that the multiplication on 
B is given by 

(x X a) ■ X 6) = ^ja{x)j^{y) x c{a^y)b(j){j„{x) ® ia{y) ® i^a{,e{c)))TX„{i„{y)){a) 
= Ym'^^^^ c(a<?/)6^-^0((l,x) ® (1,1/) ® (xoCT^Sl)) 

= xy X (a < ?/)6, 
and the coassociator is 

0(xXa®2/x6®ZXc) = (t){]a{x) ®Ja{y) ® J a{z))Ti a{j aiv)] a{z)){a)T^ ^{j ^{z)){h)e{c) 

= CG((l,a;), (1,?/), (l,2))"V^(e(y, 2;),?/2)(a) 

= C(a;,l/, 2;)~^e(y, 2)(cra) 

= C{.x,y,zY^e{y,z){aTay^ 

= CeUx, a), {y, b), {z, c))"V™((x, a), (y, 6), (z, c))"^ 

= t^'((a;,a), (?/,6), (2,c))"^ 

Thus, the map x x a t-^ (x, a) defines an isomorphism of coquasi-bialgebras from B 
to C^'E. 

Now we have equivalences 

D^«(G)-Mod ^ Z(^A^) = Z{^"'^M) = D"™^^(E)-Mod 

of braided tensor categories. Since a is arbitrary, aru can be any element of Q. This 
completes the proof of the Theorem. □ 

Remark 2.2. If A is a trivial H -module, one can verify directly via rather extensive 
computation that 



IS a gauge transformation m D^'^i^G) ® D^^{G), and that ip: D'^^'^^E) D^'^'{G)f,u, 
given by 

^ : e(k, a) ^ (k, ,) ^ ^^^'^^^^^^ ■ ^ ^ ||^(''. x) « (>=, i-) (13) 

with unit 

u = ^e{p,ii)®{l,^i), (14) 

is an isomorphism of quasi-triangular quasi-bialgebras. We also note that the special 
case of Theorem \2.1\ in which ( is trivial can be deduced without difficulty from some 
results of Natale INTf . 



3 An Isomorphism of Bialgebras 

We next consider a variant of Theorem 12.11 which however is more hmited in 
scope. We take G to be a group with N < G a. normal subgroup of index 2. Denote 
projection onto the quotient as 

G — >G/N, x^x. 

Let rj G Z^{G/N,C*) be the 3-cocycle which represents the nontrivial coho- 
mology class of G/A^ = Z2, so that 

, \ _ / ~1 if 7^ 1, 

''71a;, y,z) — <^ ^ otherwise. 

rj is certainly an abelian 3-cocycle, that is the associated 2-cocycles 6-g are cobound- 
aries. Thus 



where fg satisfies 



i iig,xj^l, 
1 otherwise. 



Theorem 3.1. Let the notation be as above, with rj' = Infl^/^?7 the inflation of rj to 
G. For any to E Z^{G,C*), the map <p : D'^(G) ^ D'^'i' {G) given by 

(j) : e{g) ® x ^ fg{x)~^e{g) ® x 

is an isomorphism of bialgebras. 
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Proof. Let 6g,6g and 73, 7^ denote the 2-cochains (which are in fact 2-cocycles) asso- 
ciated with u and urj' respectively (cf. ©)• Clearly 

^'gi^^y) = dgix,y)6g{x,y). 

Similarly, 

lg{x,y) = -ig{x,y%{x,yY^. 
Then for any (7, x,h,y ^ G, we have 

(f){{e{g) ® x) ■ {e{h) ® y)) = Ogix, y)6^^(j){e{g) ® xy) 

= dgix, y)fg{xy)~^6g.e{g) (g) xy 

= Ogix, y)eg{x,y)fg{x)-^fg{y)-H^g.e{g) ® xy 

= e'g{x,y)fgixr'fj^iyr%eig)0xy 

= (j){e{g)®x)-(f){e{h)®y). 

Similarly, 

(0 ® (j))A{e{g) (g) x) = ^ 7^(a, b)(f){e{a) ® x) ® 0(e(6) ® x) 

ab=g 

= ^ 73;(a, h)fa{x)~^fi{x)~^e{a) ®x® e{b) (g) x 

ab=g 

= ^ 7^(a, b)Ma)~'^f^(by^e{a) Ox® e{b) x 

ab=g 

= X] b)M9)~^^x{a, b)~^e{a) ® x (g) e{b) (g x 

ab=g 

= ^ 7x(«: b)fg{x)~^e{a) (g x ^ e{b) ® x 

ab=g 

= A(0(e(^) ® x)). □ 

Despite its similarity to Theorem 12.11 we will later show that Theorem 13 . II cannot 
be improved in the sense that the two twisted doubles that occur are generally not 
gauge equivalent. 

Corollary 3.2. Let notation he as in TheoremHH Then D'^{G) and D"^''' {G) have 
isomorphic fusion algebras. 

4 Extra-Special 2-Groups 

Let / > 1 be an integer and V = Zf. Throughout this Section, Q denotes an 
extra-special 2-group, defined via a central extension of groups 

1 — >Z — ^Q^V — ^1 (15) 
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together with the additional constraint that Z2 = Z = Z{Q). Then Z coincides with 
the commutator subgroup Q' and |Q| = 2^'^"^. Note that Q has exponent exactly 4. 
I is called the width of Q, and for each value oi I, Q is isomorphic to one of just two 
groups, denoted by Q+,Q-. If / = 1 then = Dg (dihedral group) and Q- = Qs 
(quaternion group). In general Q+ is isomorphic to the central product of / copies 
of -Dg and Q_ to the central product of / — 1 copies of Dq and one copy of Q^. The 
squaring map x ^ G Q, induces a nondegenerate quadratic form q : V ¥2, 

and Q has type + or — according as the Witt index of g is / or / — 1 respectively. 

We need to develop some facts concerning H^{Q,C*). For background on the 
cohomology of extra-special groups one may consult [Q], |HKj and |BCj . We use 
the following notation: for an abelian group B, VLB = {6 G B\b'^ = 1}; VLB is an 
elementary abelian 2-group. 



Lemma 4.1. The following hold: 

a) H'{Q, e) =Z^(BZ,iQ^Qs), N= (^^ + ( ^ ) + (3 ) " 1; 

b) H%Ds,C*) = ^1®^A] 

c) H^{QsXl = ^8; 

Proof. Part a) is proved in |HKj . and b) is a special case. It is well-known ( |CEj . 
Theorem 11.6) that Qg has periodic cohomology. In particular H^lQ^jZ) is cyclic of 
order 8, and c) holds. □ 

Lemma 4.2. Suppose that Q ^ Dg. Then 

QH^iQ, C*) = Inflg H%V, C*). 

Proof. Let P and P' be the connecting maps (Bocksteins) associated with the short 
exact sequences of coefficients 

— yZ^Z — — ^0, 
— > Z — >R ^ §^ — ^ 1. 



From the associated long exact sequences in cohomology we obtain a commuting 
diagram 

H%Q,¥2) ^QH\Q,Z) ^ nH^{Q,C*) 

T T T (16) 

i/3(y,F2) ^H\V,Z) ^ H^{VX*) 

where vertical maps are inflations, /3' is an isomorphism, and f3 a surjection. It 
therefore suffices to show that the leftmost vertical map is surjective. In [Q], Quillen 
describes the cohomology ring H*{Q,¥2) as a tensor product 

H*iQ,¥2) = SiV)/J(S)¥2[C] 
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where the left factor S(y) / J (a certain quotient of the cohomology H*(y, ¥2) = S(y)) 
coincides with Infly H*{V, ¥2), and ( is a. cohomology class of degree 2^'""^. From this 
we see that if the leftmost vertical map in (|T6|l is not surjective then F2[C] has a 
nonzero element of degree 2. Then 21 — w < 1, and this can only happen if / = u; = 1, 
i.e. Q = Dg. This completes the proof of the Lemma. □ 

There is a distinguished element u G F2) that we will need. Namely, pick a 

basis of V and let Ai, \2i G Hom(y, F2) be the dual basis. Let the quadratic form 
q corresponding to Q he q = ^j^- aijXiXj, and set 

u = J^a^.A^A,- G S^V) = H%V,¥2). (17) 

Lemma 4.3. Suppose that Q ^ Dg. Then if^(Q,Z) fl rad H{Q,Z) is cyclic, and the 
unique element of order 2 that it contains is Infly Pvi'^) = Pq(J'^^v 

Proof. From Lemma 14.21 we know that any element ( G QH'^[Q,Z) fl rad H{Q^'L) 
satisfies 

C = /?Q(Infi?5) = lnfig/3y(<5), 
ResgC = 0, V C C Q of order 2, 

for some 5 G iJ^(V,F2). 

We claim that Res^(5) = for every subgroup D <^ V order 2 generated by 
a singular vector x (i.e. q{x) = 0). First note that with the notation of (15), the 
singularity of x means that P = tt^^D is the direct product of Z and C for some 
subgroup C C Q of order 2. Consider the commutative diagram 

H^iC, ¥2) — H\C, Z) 

Res 

H\P,Z) 

Res 

H\Q,Z) 




Infl 



H^{V,¥2)^^H\V,Z) 

Since Resg ofSg o Infi^(5) = Resg ( = 0, we find Resg o Infi^((5) = by the injectivity 
of Pc cind the commutative diagram. Notice that the composition Res^ o Infi^ is an 
isomorphism. It follows from the commutative diagram that Res^(5) = 0. 

The classes 6 with this property are spanned by the elements A^Aj + AjA^ together 
with I/. However, the Bockstein annihilates all of these elements with the exception 
of u. This proves that ilH^{Q,'Z) fl rad H{Q,7j) is spanned by /3Q(Infiy i/), and in 
particular H*{Q,Z) fl rad H{Q,Z) is cyclic. □ 
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Res 



H\P,¥2) 



Infl 



Res 



H%P/Z,¥2) H^iQ,¥2] 



Lemma 4.4. Let ( e H^{Ds, C*) have order A, and set I = InRy^ H^{V, C*). Then 

H'{DsXl = {OxI- 

Proof. In the case Q = Dg, the proof of Lemma 14.21 shows that |/| = 4, so after 
Lemma 14.1b ) it suffices to show that / contains no nonidentity squares. But it is 
easily checked (cf. |M2j ) that the three nonzero elements of I are inflated from 
elements 6 G H^{V, C*) with the property that 6 restricts nontrivially to exactly two 
subgroups of V of order 2. Then InR^^ 5 must restrict nontrivially to some order 2 
subgroup of -Dg, hence cannot be a radical element. This completes the proof of the 
Lemma. □ 



Lemma 4.5. Let C C Q be cyclic of order 4, and R = Kes^ H^{Q, C*). Then 

\R\ = 



2 z//>2, 
4 zfl = l. 

Proof. First assume that Q = Qg. Then a generator of H^{Q, C*) (cf. Lemma f4. lb .)) 
restricts to a generator of H^{C, C*) for any subgroup C <^ Q ( |CEj ) . and in particular 
\R\ = 4 in this case. 

Next assume that I > 2. There is a unique nontrivial square in H^{Q, C*), call it 
7]. Then rj is described in Lemma 14. 3t and that result shows that for any subgroup 
Qi C Q satisfying Qi = Qg, the element Resg^r] is nontrivial. Now let ( G H^{Q, C*) 

have order 4. Then = 77, and it follows from what we have said that ReSg^C 
continues to have order 4. From the first paragraph of the proof it follows that Res^C 
has order 2 whenever C C is cyclic of order 4. On the other hand, since Q ^ Dg, 
any cyclic subgroup of Q of order 4 is contained in some Qi. This completes the proof 
of the Lemma in the case / > 2. 

It remains to deal with the case Q = Dg. We use an argument based on the 
Lyndon-Hochschild-Serre spectral sequence associated to the short exact sequence 



The i?2-term is 



Now 



Za Dg ^ Zo ^ 1. 



= ifP(Z2,i/''(Z4,Z)). 



Ef = El^ = 0, 

= i7^(Z4, Zf^ = H^{Zi, Z) = Z4, 
= i/2(Z2, H^iZ^, Z)) = Z2, 
= H^{Z2,Z) = Z2. 

Using Lemma Kb) we see that \H^{D8,Z)\ = |E0^| jEf | jEf | = 16, whence E^'^ = 
Ef = Ef = E^. In particular 

Im(Res: H\Dg,Z) H^iZ^.Z)) = E^ = H\Zi,Z). 

This completes the proof of the Lemma. □ 
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We now apply these results to twisted quantum doubles. To begin with, by com- 
bining Lemma f4. 21 with Theorem 12.11 we immediately obtain 

Theorem 4.6. Let Q be an extra-special 2-group of width I with Q ^ Dg,, and let E 
be an elementary abelian 2-group of order 2^'"''^. For any rj G QH^{Q,C*) , there are 
fi G H^{E,C*) and an equivalence of braided tensor categories 

D''{E)-Mod ^ D''(Q)-Mod. (18) 

After the last Theorem the question arises: what can one say about D^[Q) in 
the case where rj has order greater than 2? We will show that an equivalence of 
the type (fTHj) is not possible in this case. For this we need to compute some gauge 
invariants of the twisted quantum doubles. We use the Frobenius-Schur exponent, 
which is particularly accessible. 

First recall f |MN2j . |NSlj . |NS2j ) the Frobenius-Schur index v^x) and their higher 
order analogs z/^") (x) associated to an irreducible character x of a quasi- Hopf algebra 
and a positive integer n. These are indeed gauge invariants (loc. cit.) The smallest 
positive integer / such that z/^ = x(l) for all irreducible characters x of D'^{G) is 
called the the Frobenius-Schur exponent of D^(G). The existence of / for general 
quasi- Hopf algebras is shown in |NS3j . and it is therefore also a gauge invariant. The 
following explicit formula for the Frobenius-Schur exponent / = f{G,uj) of a twisted 
quantum double D^{G) is known (loc. cit.): 

/ = lcm( \C\ \uoc\). (19) 

The notation is as follows: C ranges over cyclic subgroups of G, ujc is the restriction 
of UJ to C, and Ic^cl is the order of the corresponding cohomology class. We note that 
in |N2j . Natale defined the modified exponent exp^ G of a group G endowed with a 
3-cocycle uj by same formula (fT^. and proved that exp^G is a gauge invariant of 
D'^[G) for groups of odd order. In |NS3j it is shown that generally that / is a gauge 
invariant of D^{G) and that / = exp(L)^(G)) or 2 exp(i:''^(G)). 
We now have 

Theorem 4.7. The following hold for any 3-cocycle uj on one of the indicated groups 
(Q is an extra-special group of width I): 



f{^2 



'2 5 



UJ 



4 ifuj^l, 
2 ifuj = l,l>l; 

l^ ^ / 4 ^f = 1, / > 2, 

I ifuj^=l, 

c) f{Qs,uj) = 8 if UJ has order A, 
16 if UJ has order 8; 

4 zfujelnR^'H'^iVX*). 

d) fiDs,uj) = { 8 zfuje nH^{DsX*)\l^f^v' H^i^^^*) 
16 if UJ has order 4. 
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Proof. If u is trivial then by p9p / coincides with the exponent of the group in 
question. Suppose that u has order 2 in the elementary abelian 2-group case. Then 
from |M2j that there is a subgroup C of order 2 such that Uc is nontrivial. Part a) 
now follows. Parts b) and c) follow immediately from Lemma [4.51 

It remains to handle the case Q = Dg. Let C be the cyclic subgroup of order 4 
and let / = Infl^» H^{V, C*). By Lemma lOl we have H^iDg, C*) = /(C) for any C of 
order 4. If ci; G / then uc is necessarily trivial, and therefore f{Ds,uj) = 4 for such 
uj. If u has order 4 then uc also has order 4 (Lemma I4.5|l . so / = 16 in this case. 
Finally, has order 2 for ( of order 4. Since ("^ ^ I we conclude that lvc has order 2 
whenever u G QH^^Dg, C*) \ /, so that / = 8 in this case. This completes the proof 
of all parts of the Theorem. □ 



5 Twisted Quantum Doubles of Dimension 64 

We have seen in the previous Section that the properties of the groups H^{Q, C*) 
for Q = Qs,Ds are exceptional in several ways. Thus the same is true for the 
corresponding twisted quantum doubles. In this Section we consider the problem of 
understanding the gauge equivalence classes of the quantum doubles D^[G) where 
G has order 8. In jMSI], the same question was treated for abelian groups G and 
abelian cocycles, that is cocycles u for which D^{G) is commutative. Here we consider 
the case when D^{G) is noncommutative. This precludes the two groups Zg and 
Z2 X Z4, leaving the groups Eg = 2i\,Qg and Dg to be considered. In this Section 
we denote these three groups by Q and D respectively. Now E has 64 nonabelian 
3-cohomology classes, while D and Q have 16 and 8 classes respectively (cf. Remark 
I4.1|l . So our task is to sort the 88 resulting twisted quantum doubles into gauge 
equivalence classes. We will see that there are at least 8, and no more than 20, gauge 
equivalence classes. 

A significant reduction in the problem is achieved by considering automorphisms 
of the three groups in question. That is because it is easy to see ( |MNlj . Remark 
2.1(iii)) that automorphisms preserve gauge equivalence classes. Consider first the 
group E. One knows that H = H^{E,C*) has order 2^ and exponent 2. Of the 128 
cohomology classes in H, the abelian classes form a subgroup of order 64 generated 
by the Chern classes of characters of E f |MJNlj . Proposition 7.5). 

The automorphism group of E is the simple group SL{3, 2) of order 168, and we 
regard if as a 7-dimensional ¥2SL{3, 2)-module. We can understand the structure of 
H as follows (for more details, see |M2j ). A cohomology class u & H is characterized 
by the subset of elements 1 ^ g ^ E foi which the restriction Res^^u; is nontrivial. 
Let us call this set of elements the support of u, denoted supp u. The weight of u is 
the cardinality |supp uj\ of its support. There is an isomorphism of 5'L(3, 2)-modules 

H ^¥l, uj^ supp UJ. (20) 
So i/ is a permutation module for 5*1/(3, 2) corresponding to the permutation action 
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of SL{3, 2) on the nonzero elements of E. Thus there is a decomposition 

H = 3®3®1 (21) 

into simple modules. The abelian cocycles are those in the unique submodule of 
codimension 1, and they may therefore be alternately characterized as those classes 
of even weight. As for the nonabelian classes, the possible weights are 1, 3, 5, 7, and 
the number of cohomology classes of each type is 7,35,21,1 respectively. Those of 
weight 1, 5 or 7 form single SL{3, 2)-orbits of size 7, 21, 1 respectively. Those of weight 
3 split into two orbits according as supp u is a. set of linearly dependent (7 of them) 
or linearly independent (28 of them) elements of E. We will utilize this information 
to label the cohomology classes of E. 

Based on what we have said so far, there are (at most) 5 gauge equivalence classes 
of noncommutative twisted quantum doubles D'^{Es), with representative cocycles 
cui, Wsj, a;3rf, cus, cuy. Here, the numerical subscript is the weight of the cocycle, and 
the additional subscript z or d at weight 3 indicates whether supp a; is a linearly 
independent or dependent set respectively. 

Next we consider the quantum doubles D{D) and D{Q). Let €Q,er) denote ele- 
ments of H'^{V, Z2) defining Q and D respectively as central extensions (jl5|) . If hi, h2 
are generators of V and t a generator of Z2 then we may take both eq and e^) to be 
(multiplicatively) bilinear, and 

eoih, hi) = eoihi, /ig) = eD(/i2, ^^2) = 1, eD(/i2, hi) = t; (22) 
eqi^hi, hi) = eQ(/i2, hi) = €Q{h2, /i2) = t, eq^hi, /i2) = 1. (23) 

There is a useful isomorphism analogous to (piUl (cf. |M2j ). namely 

H^VXl^K C^suppC. (24) 

Identifying E with (/ii,/i2) x (t), we find that the 3-cocycles ujd,ujq G H^{E,C*) 
associated to e^^eq respectively by (fTTj) satisfy 

supp u;/) = {{hih2,t)}, 

supp u;q = {{hi,t),{h2,t),{hih2,t)}. 

By the case C = 1 of Theorem 12.11 we conclude that 

D{D) ~ D'^'{E), (25) 
D{Q) ~ D'^''{E). (26) 

With the notation of Lemma 14. 4t that result shows that / is generated by two 
classes ai,i = 1,2 such that 

supp Oi = {hi}. 
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Now set a[ = Infl^^ Oj, and note that 

snpp a[ujD = {(/ii, 1), (/ii/i2,t)}, 
snpp a 2UJD = {(/i2, 1), (/i2,^), (/ii/i2,^)}, 
supp a^a^ujD = {{hi,l),{hi,t),{h2,l),{h2,'t),{hih2,t)}. 

According to Theorem 12.11 we can conclude that 

D'^'iD) ~ D'^^{D) D'^-'^{E), (27) 
~ D'^'^iE). (28) 

Note that the gauge equivalence D'^^{D) ~ V^^^D) also follows from the observation 
that an involutorial automorphism a of ^ lifts to an automorphism of D, also denoted 
as a, which commutes with inflation. Then a exchanges ai and 02 and therefore 
induces a gauge equivalence between the corresponding twisted quantum doubles. 
Indeed, it can be verified that there is an (a)-equivariant decomposition 

H^{DX*) = {ai)(B{a2)(B{as) 

where is a class of order 4 which is a-invariant (cf. Lemma 1^^ . As a result, we get 
the following additional gauge equivalences induced by the action of a on cohomology: 

D"^"3(/)g) ^ D"2"3(/)g), (29) 

The automorphism group of Q acts trivially on the relevant cohomology group, so 
that no new gauge equivalences can be realized from automorphisms of Q. Let 7 be a 
generator of if3(Q,C*) (cf. LemmalHt))- Bv Lemmali:^we have Infig^ H^iE^ . C*) = 
(7'^). We then obtain, after a calculation, the following gauge equivalence that arises 
from application of Theorem 12.11 

D^\Qs)r^D'^''^{Es). (30) 

We have now established 

Theorem 5.1. The 88 noncommutative twisted quantum doubles of E,D and Q fall 
into at most 20 gauge equivalence classes, namely ^EB), ^EW> |13^> ^'^^ ^^W 
together with the class of D^'^{E^), the 6 classes D'^^D^) with a ^ \ or a\a2 in 
(aia2, tts), and the classes D"''"^ {Q), m = 1,2, 3, 5, 6, 7. 

It is possible that there are less than 20 distinct gauge equivalence classes. We 
will see that there at least 8 such classes. To describe this, consider the following sets 
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of cohomology classes: 



E : 







I ^2 




■'70 


1, 




«!, «2, aia2, 




ttl«3, «2tt3, ttl«3, tt2«3, 


< 




^3 




^4 




. ^5 




{ 7o 


l,7^ 


{ 7i 




[ 72 


^^^3^^5^^7_ 



Here, we have partitioned representatives for the orbits of AutG (G = E,D,Q), 
acting on the relevant 3-cohomology classes of G, into certain subsets. 

Theorem 5.2. If G is one of the groups E,D,Q, a pair of twisted quantum doubles 
D^{G), D^{G) have the same sets of (higher) Frobenius-Schur indicators if, and only 
if, a and (3 both lie in one of the sets fii, r]j, 7^. Between them, there are just 8 distinct 
sets of higher Frobenius-Schur indictators. 

Proof. The complete sets of indicators are given in Appendix below. The Theorem 
follows from this data. □ 

We note in particular the following table of Frobenius-Schur exponents. The 
entries of this table follow from Theorem 14.71 



Twisted Quantum Doubles 


Frobenius-Schur exponents 




4 




8 


D^^{Ds),D^-^iDs),D^^{Qs) 
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Finally, we briefly consider some bialgebra isomorphisms. Let a & H = H^{E, C*) 
be a cohomology class inflated, as in Theorem 4.1, from the nontrivial class oi E/F 
where F is a subgroup of E of index 2. Hence, supp a consists of the elements in 
E\F. By Theorem 4.1, there is an isomorphism of bialgebras 

D'^iE) = D'^'^iE) 

for all cohomology classes uj & H. Using this, easy arguments lead to the following 
bialgebra isomorphisms: 

D^'{E) = = D^''^{E), 

D^'{E) = D'^'^^E). 

As we have seen, D^''{E) and D^^'^{E), for example, are not gauge equivalent because 
they have different sets of Frobenius-Schur indicators. Thus they afford an example of 
a pair of twisted doubles which are isomorphic as bialgebras but not gauge equivalent. 
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6 Invariance of Ribbon Structure 



Let (C, (8), /, $) be a left rigid braided monoidal category, where / is the neutral object 
and $ the associativity isomorphism. Here, we assume that the neutral object / is 
strict, i.e. I®V = V®I = VioicVGC. For G C, we use the notation V"^ for the 
left dual of V with the dual basis map dhy : I ^ V ^ and the evaluation map 
evy : ® V I. Note that (— can be extended to a contravariant monoidal 
equivalence of C with = J, ev/ = dhy = id/. Thus (— is a monoidal equivalence 
on C. See jK] for more details on right monoidal category and monoidal functor. We 
follow the notation and terminology introduced in |NSlj for the discussion to come. 



For any braiding c on the left rigid monoidal category C, the associated Drinfeld 
isomorphism u is defined by 

Uy = (V ^^^^^^ ® y^^) ® y ^ (\/^^ ® ^ ^ 1^ 



vv 



for G C In particular, if C is strict, the Drinfeld isomorphism satisfies the equation 
for Ty G C. 

Suppose j is a pivotal structure on C (not necessarily strict), i.e. j : Id 
is an isomorphism of monoidal functors. Then v = o j is a twist of the braided 
monoidal category (C, c), i.e. a natural automorphism of the identity functor Id of C 
such that 

vv»w = {vv ® vw)cwycv,w 

for all V,W E C. If C is a spherical fusion category over C, then v defines a ribbon 
structure on C (cf. |NS3j ). We use the notation {C,c,j) to denote a pivotal braided 
monoidal category C with the braiding c and the pivotal structure j. 

Lemma 6.1. Let {C,c,j), {V,c,j) be pivotal braided monoidal categories. If (J-',^) : 
C ^ V is a braided monoidal equivalence which preserves the pivotal structures, then 



for V eC. 



Proof. From |NSlj it follows that the duality transformation ^ : JF(V^) 
(JF, ^) is determined by either of the commutative diagrams 



j^ivy of 



idC 



J^iV" ® V) 



HI) 



db 



and jr(yv)^jr(y) 



-T{v)®T{vy 



(31) 
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We observe that following diagram is commutative: 




£»(S'')~'-»id 



{T{vy ^T(vy"')^Tv — ^ (T(vy^ ^T(vy)»Tv — ^ r(vy^ 0(T(vy 0tv) — ^ T(vy^ 

Commutativity of the middle rectangles are consequences of either the properties of 
the braided monoidal equivalence {J^,C,), or the naturality of c and Commutativity 
of the two triangles at the upper corners follows from properties of the coherence 
map ^, and that of the lower left triangle follows from properties of left duality. The 
commutativity of remaining two polygons on both sides follow from ()31|). 

Note that the top edge is J^{uv) ■ The commutativity of the above diagram implies 



that 



Since (J^, ^Iso preserves pivotal structures (cf. |NS3j ). 



and hence 



V:fv 



□ 



Suppose that C = if-Modfin is the tensor category of finite-dimensional modules 
over a semisimple quasi-Hopf algebra H. Then C admits a canonical pivotal structure 
given by a trace element g of H, namely 

Mx){f) = fig-'x) 



for X G y and f E (cf. pN2] . [N!^ . [ENH] ). If, in addition, H admits a universal 
7^-matrix, then C is a braided spherical fusion category. The Drinfeld isomorphism 
uv '■ V ^ V"^"^ is given by 

uvix){f) = fiux) 

where u is the Drinfeld element and the associated ribbon structure vy is given by 
the multiplication of the element v = {gu)~^. 
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Proposition 6.2. Let H, K he semisimple, braided, quasi-Hopf algebras. //(JF, ^) : 
i/-Modfjn A'-Modfin is a braided monoidal equivalence, then 

forV e i7-Modfin. 

Proof. By |NS2j . (JF, preserves the canonical pivotal structures. Thus the result 
follows immediately from Lemma f6. II □ 

Note that vy is a scalar for any simple ff-module V. Thus if (JF, ^) : iJ-Modfj^ 
i^-Modfin is an equivalence of C-linear braided monoidal categories, then 

W = vr{v) and Vn{V) = i^„(JF(\/)) 

for all positive integer n and simple objects V G iJ-Modfjn- 

In case H = D'^{G), it is shown in |MN2j that the trace element g of D'^{G) is 
given by 

g = Lj{x, x'-^, x)e{x) ® 1. 

By Hd, 

u = x~^ ,x)~'^e{x) ® x'-^, 

xeG 

is the Drinfeld element for the associated braiding of D'^iG). Hence 

V = {gu)~^ = '^^uj{x, x~^ , x)~^e{x) ® x""*^ = ^^e(x) ® a; 

defines the twist or ribbon structure associated with the underlying canonical pivotal 
structure and braiding of D'^{G)-'M.odf\r,. With a different convention, the formula of 
the ribbon element of D^[G) is also shown 



We can now use the formula for v to compute the corresponding scalar vy for 
each simple module of a 64-dimensional twisted double H . If x is the irreducible 
character afforded by V, the scalar = is equal to vy- The sequence 

of higher indicators p^'^ and for each irreducible character x of if are presented 
in Tables in the Appendix. It follows from this data that the 20 classes of twisted 
doubles H of dimension 64 identified in Section El have distinct sets of sequences. 
Since both higher indicators and v-^ are preserved by a braided tensor equivalence, 
we have 

Theorem 6.3. There are exactly 20 gauge equivalence classes of quasi-triangular 
quasi-bialgebras among the 64-dimensional noncommutative twisted quantum doubles 
of finite groups. □ 
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7 Appendix 



In the following tables, m denotes the multiplicity of the sequence, and k is a primi- 
tive 16th complex root of 1 such that = i. 
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